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MMP Learning Seminar .

Week 54 :

Orhokurov 's boundary property .



H- trivial fibrationsi f : IX.B)→ Y
,
where f is

surjective between proper normal
varieties where IX.B) is a log pair . :

CH (KB ) is *It over the
generic point of Y.

121 rank f- * Ox ( TACX ,
B)7) →

.

6*(8×+13) = Kt +Be

(3) There exists a positive integer r , a rational function EEKCXJ
"

and a ⑥ - Cartier divisor D on Y such that :

Hx + B+ f- (6) = f- * D.

Discrepancy b- divisor : Let IX. B) be a log pair
Y -6> X a projective birational morphism ,

we can define : r
A. IX.B) yi-h.ly - 8*(1*+13) .

Then ACX ,B ) is a b-divisor
, defined by the formula :

ACX >B) = N - (H×+BT .

4 "

the canonical pull - baas of Kxt B

of the motel y to the motel T



Log discrepancy : EET
prime

divisor .

trace of the
ACE ix.B) : = It motte /ACX ,B)I .

-
b- divisor ont.

The hormonal log discrepancy of (KiB) in a proper
closed

subset WEX is

Oc (Wi X , B ) : =
int OC ( E ; X , B ) .

CXCEIEW

Oc (Six , B) := 1- molts B.

a (x ix. B) = Jimi .



Theorem 1 : Let fi CX , B)→ Y belt fiber space &

Jim 4--1 . Then the modulo On - Jiaroor Me is semoamplc .

Theorem 2 : Let f : CX , B)→ T be a kit fiber space .

Then there exists a proper birational morph.int
'
→ T with

the following conditions :

G) Hit BY io On - Cartier & HackettBe ' ) - Kent Be" for

every proper birational morphism N : T
"-7 !

or
descends ont'

(2) My ' is a net ② - tnnoor & McNeil - MY"
.
.

- -

Remark : The b- divisors Ht B & M are Cartier b- Jinn

Lemmon: X - -→ X
' birational map over Y &

CX , B)→ T is a hit fiber space .

Then there exists a

D- timur B
'

on X
'

s.li (XB ) & CX ' ,B') are log crepint .

and they induce the same discriminant dinner on Y.

☒✗ + B- f- (Ket Be + Me)

= :knit B
'

- f-
' • CK-rtB-csrtle.li



Theorem ( Inversion of adjunction ): let f :(XIBJ → t

be a K- trivial fibration .
There exists 111 a positive integer :

off -' (E) ix. B) £ OCCZ it, B-c) Eoc lf^CZliX , B).

for every closet subset ZET.

In particular , CY , Be) is tilt ( Ic ) in a neighborhood of a pointy .

←→ CX ,B) is KH Clot in a neighborhood of f-
'

91 .

Remark : (✗B) Ic pair YEX normal Icc
.

Jlt .
ffxitb' = @• CKx+B )

.

<¥÷¥÷"
" "" " """

✗
' +B

'
-0.x 0 .

/ Q +B) Is - kstbs~o.to

↳ its ) is a K- trivial fibration

±
S-X'

Kot Bs - cliche +Battle ) %) Lee
Y- X

→ H×t8ly~a Net Bet Me.



Covering tricks & base change :

Theorem 4.1 : ✗ smooth g. p . DEX one dinner .

N a positive integer . There exists a finite Galois cover .

pi ☒ → ✗ satisfying :

CH Ñ smooth
g. p , I'x snc .

at Tétale outside Ex

and T^CEl× ) sac

G) the ramification index at every prime component of D

is divisible by N .
.

Sketch : HI
. . .

.

.
Hi
"

c- INA -Dil
. Di is a comp of

D.

A very ample divisor Iix := Dt Iii
,; HT

'

is she on X .

✗ = U Va ,
Di + Hi

" '
= Ice ,!

' ) on Va

L - hrcx ) Ice,4)
to

: i . ;]
,
Ñ is the normalization of

✗ in the field L
.

☐ .



Remark 4.2 : p : Y→ X surjective morphism .

from Y smooth f-
' (D) one

Then T : I → ✗ a finite cover as in 4.1 . s.fi

-8 I is K is finite and
g projective

vis is smooth q.pet.li
in ICT one on Y , s.tn is étale

x-p y
over YII' e

,
NCE't ) has one

-

p
-
' (I'× ) G- I'T

.

Idea : Hi
" '

general enough such that p
- ' (Dt Ii; Hi

") one

Than 4.3 ( semi> table reduction in codim 1) :

✗ a- Xxx's
'
2- X '

sori f) / f
'

is semistable
morphism
of smooth U Ober codimension one
uanobo

y⇐ y
'

points .

finite sorj .



Hodge theoretic input on the cbf :

Theorem 4.4 : f :X→ T projective morphism of smooth

varieties semis table in codimension one

If one so that f- smooth over YII'e . Then :

G) fix Wxix is locally free on T.

14 d-* Wire is semipooitme
✗ c- X

'

d- I let '
Css f- * Wxie commutes with base change y i

p*fo Wily = f-
'

* Wxyt:

Idea of the proof : Ho := Rdf . Qxo • a. Oto locally free
and supports a VHS of weight ton To

.

Fd Ho - f- • wx.la.

✓ semis fable in cotm _→ Ho has onspotent monotony around comp of -2!e.

1-1 canonical extension of Ho . The injection

f-* wxc-e-sjacfttt.IN H . is an iron

so f- * Coxie is a locally free sheaf . . (1) .

G) Griffith 's semipositivity theorem of ja CFTH . ) .

G) canonical extension commutes with t.se chge . ☐
.



Theorem 45 : Lot of :X→ T be a contraction from

2 smooth projective variety X to a projective come Y.

E a locally free quotient of f- * Wxie .

If tgctetc.EU - o , then tel-CEJ.me Ox for some m .



Shonrorov's boundary property :

Lemma 5.1: The discrimant / boundary part commuter with

finite base change of T.

TXTB) F- e- Cv,Bx ) H×tBt¥ (E) =f*lkt + Be - Me)
Ñ norm of ✗

in trance :)
.

~
snetivroom

IV, But - - → (Xi B) crepanli > , Ii ✗ EX, Ex C-V. Ex ET

fih are smooth over TIE't. I'xh ,
I'yh are smooth over 7156.

B. Bu , Bt, Mx supported Ex , Ex , If

G) + a) <-→ F- 131=7 effective and timer H' CF , FBN) =L



CX ,B)← v
Lemma 5.2: In the previous context

* *
The following conditions are satisfied .

:

1) toll)/KCX) is Galois with Gators
group

G- cyclic of order b.

there exist, ✗ c-trot at 46--4 and the generator of G-
acts by 41--54 , Sok is a fixed primitive b- th root of unity .

2) he:(140×7→Y k- trivial except for the rams condition

3) f o h induce the same discriminant divisor .

4)
eigen sheaf of

bathe Ckxix ) corresponding to 1 is

he i-f.QCT-B-f.be + f- Mx7) - µ .

5) If hill→ T is semi stable in colon 1
.

then Me is integral , he is sampan
bree

,
and L - DelMette .



"-na
Fact : the diagram

×-1 V
'→É1

y f
'} u also satisfies condition Cis - Cx ).

Y-Y
'

Y-Y
'

is a finite base change étale outside I't
.

Proposition 5.4: There exists Y'→ Y Gators base change s.tl/
'
→t'

is semis table in codimension



Proposition 5.5 : Y
'-7

> Y generically finite pro; morphism .

from T
' smooth

.
Assume there exists Ele '

one on T
'

which contains 7-
'

(Eia ) and the locos where y is not e-tale
.

Let My ' be the moth part of CV ', Bxi ) -→ (x:B 't→ T?

Then 7
* (Me ) = Me '

.

"- na

✗ ×
,

""ti steps : Ky & Wy
,

zre semis table in codimension one .

u tf u Thm 4.4 : b'* Chicken ) - 7Th.ch,lkmD
Y-Y

'

-5.2 implies . Y
. Dx Cme) = Ote (Ma )

ry
- My - Mei is no and exception't over T. Then y

. My -Me .

step2-iy-z-7.TT '

b-IF

Yg , } semblable mood L .

T f / T '
y- y

' MI ' = 7
' * CME ) by steps .

7

T & T
'
are finite morphisms , so

5- I ⇒ TIME ) = ME

& T
' * (Me. ) = ME'

.

Therefore 1- '
* ( M -a - 7- Cme )) =o this implies .

Mei = of
• Me

. ☐
i



Proof of Theorem 2 :

✗+8+1 let - f- thatBethel.

Assume X smooth , V= root of norm of ✗ in KCX) (Eto )
.

If on T s.tl/iByJ-CXiB)-YsatsofrociI-cx,

except at Elf .

Y
'

→Y , Ziyi := 0
" (Iif ) is a snc divisor

We have an inbreed set - up (Wibw ) -→ (X' ,B ' ) →T
'
.

Claim : 0*04×1 ) = Men for every
T
"-0s Y'

.

Hence ✓Cri ' + BY ' ) = Ken + Bea
.

Y" 2- T
" '

By Proposition 5-si

O
' * (Mei )= MT" 'off g-
* Cmt ) = MT" .

☐ .

Y '

Ti 'T
'

→T
' be a covering given by 5.4 & 5.2 .

MF ' is Cartier and 05 ' (MT) is an imeerbblc semi positive ihf .
→ ME' is nef - 1-

* (Mys ) - MI' according to Lemme 5-1
. ⇒ Mt' is net-

☐
.



eft pooh -forward

f / of
net

CXIB ) log pair CXiB+M )

H
ke+8e+M > c-generalized .ly parr

d t
bounty hefon
timon ahrghermotd

inversion

1×1131-14 ) ~

kxtBTM-Q.lk#B-ctM >)I
14 ,
Battle)


